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I Abstract. We study time-like surfaces in the three-dimensional Minkowski space with di- 

agonalizable second fundamental form. On any time-like W-surface wc introduce locally 
natural principal parameters and prove that such a surface is determined uniquely (up to 
motion) by a special invariant function, which satisfies a natural non-linear partial differ- 
ential equation. This result can be interpreted as a solution of the Lund-Regge reduction 
problem for time-like W-surfaces with real principal curvatures in Minkowski space. We 
apply this theory to linear fractional time-like W-surfaces and obtain the natural partial 
\y i differential equations describing them. 

Q 



(N 



X 



1. Introduction 

It has been known to Weingarten [2n [22] , Eisenhart [1] , Wu p3] ) that without changing the 
^ ! principal hnes on a Weingarten surface in Euchdean space, one can find geometric coordinates 
I in which the coefficients of the metric are expressed by the principal curvatures (or principal 
5^ ■ radii of curvature). 

■ The geometric parameters on Weingarten surfaces were used in [23] to find the classes of 
l/^ I Weingarten surfaces yielding "geometric" so(3)-scattering systems (real or complex) for the 
O \ partial differential equations, describing these surfaces. 

We have shown that the Weingarten surfaces in Euclidean space [5[ [6] and space-like 
surfaces in Minkowski space [7] admit geometrically determined principal parameters {natural 
principal parameters), which have the following property: all invariant functions on W- 
surfaces can be expressed in terms of one function z/, which satisfies one natural partial 

■ differential equation. The Bonnet type fundamental theorem states that any solution to the 
natural partial differential equation determines a W-surface uniquely up to motion. Thus 
the description of any class of W-surfaces (determined by a given Weingarten relation) is 
equivalent to the study of the solution space of their natural PDE. This solves the Lund- 
Regge reduction problem \l3l for W-surfaces in Euclidean space and space-like W-surfaces 
in Minkowski space. 

The relationship between the solutions of certain types of partial differential equations 
and the determination of various kinds of surfaces of constant curvature has generated many 
results which have applications to the areas of both pure and applied mathematics. This 
includes the determination of surfaces of either constant mean curvature or Gaussian cur- 
vature. It has long been known that there is a connection between surfaces of negative 
constant Gaussian curvature in Euclidean and the sine-Gordon equation. The fundamen- 
tal equations of surface theory are found to yield a type of geometrically based Lax pair. 
For instance, given a particular solution of the sinh-Laplace equation, this Lax pair can be 
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integrated to determine the three fundamental vector fields related to the surface. These are 
also used to determine the coordinate vector field of the surface. 

Further results are obtained based on the fundamental equations of surface theory, and 
it is shown how specific solutions of this sinh-Laplace equation can be used to obtain the 
coordinates of a surface in either Minkowski Mf or Euclidean space [9l [10] . 

In [3] Bracken introduces some fundamental concepts and equations pertaining to the 
theory of surfaces in three-space, and, in particular, studies a class of sinh-Laplace equation 
which has the form Am = ± sinhw. 

In this paper we study time-like surfaces with real principal curvatures in the three di- 
mensional Minkowski space Mf. 

A time-like surface Ai with real principal curvatures i>i and i>2 is a Weingarten surface (W- 
surface) [2T1 if there exists a function u on Ai and two functions (Weingarten functions) 
/, g of one variable, such that 

A basic property of W-surfaces in Euclidean space is the following theorem of Lie [12] : 
The lines of curvature of any W-surface can be found in quadratures. 
This remarkable property is also valid for space-like and time-like W-surfaces in Minkowski 
space. 

We use four invariant functions (two principal normal curvatures z/i, i>2 and two principal 
geodesic curvatures 71, 72) and divide time-like W-surfaces into two classes with respect to 
these invariants: 

(1) the class of strongly regular time-like surfaces defined by 

(z/i - U2) 7i 72 7^ 0; 

(2) the class of time-like surfaces defined by 

7i = 0, (z/i - z/2) 72 ^ 0. 

The basic tool to investigate the relation between time-like surfaces and the partial dif- 
ferential equations describing them, is Theorem 2.1. This theorem is a reformulation of the 
fundamental Bonnet theorem for the class of strongly regular time-like surfaces in terms of 
the four invariant functions. Further, we apply this theorem to time-like W-surfaces. 

In Section 3 we prove (Proposition 3.3) that any time-like W-surface admits locally special 
principal parameters {natural principal parameters) . 

Theorem 3.6 is the basic theorem for time-like W-surfaces of type (1): 

Any strongly regular time-like W-surface is determined uniquely up to motion by the func- 
tions f , g and the function u, satisfying the natural PDF (3.3). 

Theorem 3.7 is the baic theorem for time-like Weingarten surfaces of type (2): 

Any time-like W-surface with 71 = zs determined uniquely up to motion by the functions 
f,g and the function v, satisfying the natural ODE (3.8). 

In natural principal parameters the four basic invariant functions, which determine time- 
like W-surfaces uniquely up to motions in M^, are expressed by a single function, and the 
system of Gauss-Codazzi equations reduces to a single partial differential equation (the Gauss 
equation). Thus, the number of the four invariant functions, which determine time-like W- 
surfaces, reduces to one invariant function, and the number of Gauss-Codazzi equations 
reduces to one natural PDE. This result gives a solution to the Lund-Regge reduction prob- 
lem [13] for the time- like W-surfaces in The Lund-Regge reduction problem has been 
analyzed and discussed from several view points in the paper of Sym [IB] . 

In Proposition 4.1 we prove that 
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The natural principal parameters of a given time-like W-surface M. are natural principal 
parameters for all parallel time-like surfaces Ai{a), a = const 7^ of M.. 
Theorem 4.2 states that (cf [SI [7]): 

The natural PDF of a given time-like W-surface Ai is the natural PDF of any parallel 
time-like surface Ai{a), a = const 0, of Jvi. 

In [m [16] Milnor studies surface theory in Euchdean and Minkowski space, considering 
harmonic maps and various relations between the Gauss curvature K, the mean curvature 

H and the curvature H' = -^—^ — -. In [TSl E] is proved that any surface in M.^, whose Gauss 

curvature K and mean curvature H satisfy the linear relation 

(1.1) 6K = aH -\- 'J, a, 7, 5 — constants; + 7^ 0, 

is parallel to a surface, satisfying one of the following conditions: H = 0, K = 1 ot K = —1. 

There arises the following question: what are the natural PDE's describing the surfaces, 
whose curvatures satisfy the relation (1.1)? 

Since any time-like surface A4, whose invariants K and H satisfy the linear relation (1.1), 
is (locally) parallel to one of the following three types of basic surfaces: a surface with H = 0; 
a surface with = 1; a surface with K = —1, from Theorem 4.2 it follows that 

Up to similarity, the time-like surfaces, whose curvatures satisfy the linear relation (1.1), 
are described by the natural PDE's of the basic surfaces. 

A. Ribaucour [17J has proved that a necessary condition for the curvature lines of the first 
and second focal surfaces of Ai to correspond to each other resp. to a conjugate parametric 
lines on Ai is pi — p2 = const resp. pi p2 = const. 

Von Lilienthal [T^ (cf [201 IH El 15) has proved in that a surface with a relation 
1 11 
Pi — P2 = —, R = const 7^ 0, between its principal radii of curvature pi = — and p2 = — 

R ^ V\ V2 

has first and second focal surfaces A\ ofj^onstant Gauss curvature —R? and vice versa. 
The involute surfaces A^(a), a G M of are parallel surfaces of M. with the property 
P\ — P'i = const. This implies that the family M.{a) are integrable surfaces as a consequence 
of the integrability of M.. The curvatures of the above surfaces M. satisfy the relation 
K = f3H', 13 = const ^ 0. 

In one can prove in a similar way the corresponding property: The first focal surface 
of a time-like surface with K = (3 H', /3 7^ 0, is space-like of constant Gauss curvature /3^/4, 
and its second focal surface is time-like of constant Gauss curvature — /9^/4. 

Obviously the time-like surfaces with K = P H', (3 = const 7^ 0, are not included in the 
class characterized by (1.1). 

These surfaces belong to the classes of time-like W-surfaces, defined by the following more 
general linear relation 

(1.2) 6K = aH + I3H' + -f, a, /3, 7, 5 - constants; - + 47^ ^ 

between the Gauss curvature K, the mean curvature H and the curvature H'. We denote 
this class by A. 

We show that the class R is the class of linear fractional time-like W-surfaces with respect 
to the principal curvatures (cf t6n7j). Furthermore, if is a time-like surface in ^, then its 
parallel surfaces Ai{a), a = const, belong to ^ too. 

In the main Theorem 5.3 in this paper we determine ten basic relations with respect to the 
constants in (1.2) and each of them generates a basic subclass of surfaces of ^. Any time-like 
surface Ai, whose invariants K, H and H' satisfy the linear relation (1.2) is (locally) parallel 
to one of these basic surfaces. 
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In [To] Hu has cleared up the relationship between the PDE's 

ci-uu — Civv = =t sin a (sin —Gordon PDE), 
ct^uu — o^vv = =t sinha (sinh —Gordon PDE), 
Q^uu + Oivv = ± sin a (sin —Laplace PDE), 
(y-uu + = =t sinh a (sinh —Laplace PDE) 

and the construction of various kinds of surfaces of constant curvature in or Mf. 

In [H] by using Darboux transformations, from a known solution to the sinh-Laplace 
(resp. sin-Laplace) equation have been obtained exphcitly new solutions to the sin-Laplace 
(resp. sinh-Laplace) equation. 

Time-like surfaces with positive Gauss curvature and imaginary principal curvatures have 
been constructed in [8]. 

It is essential to note that the natural PDE's of the time-like W-surfaces from the class ^ 
are expressed in the form 5\ = /(A) , where 6 is one of the operators (cf [6l [7]): 

AA := XxX + Ayy, AA := XxX — Xyy] 

A*A := Xxx + (A ^)yy, A*A := Xxx — (A ^)yy 



2. Preliminaries 

Let Mf be the three dimensional Minkowski space with the standard flat metric ( , ) of 
signature (2,1). We assume that the following orthonormal coordinate system 0616263 : 
e\ = e\ = —el = 1, (6j, Cj) = 0, 2 7^ j is fixed and gives the orientation of the space. 

Let A4 : z = z{u, v), {u, v) & V he a time-like surface in the three dimensional Minkowski 
space Mf and V be the fiat Levi-Civita connection of the metric ( , ). The unit normal vector 
field to Ai is denoted by / and E, F, G; L, M, N stand for the coefficients of the first and 
the second fundamental forms, respectively. Then we have 

E = zl<0, F = ZuZ^, G = zl>0, EG-F^ < 0, f = 1. 

The coefficients of the second fundamental form are given as follows: 

The linear Weingarten map 7 is determined by the conditions 

l{Zu) = lu, = Iv 

Then the mean curvature H and the Gauss curvature K oi M. are given in the standard way 

= — -tr7, fr = det7. 

While the Weingarten map of a space-like surface satisfies the inequality H"^ — K>Q and is 
always diagonalizable, the Weingarten map on a time-like surface can satisfy the inequalities 
- K >Q 01 - K 

Throughout the whole paper we deal with time-like surfaces satisfying the inequality 
H"^ — > 0, i.e. time-like surfaces with real principal curvatures. 

We suppose that the surfaces under consideration are free of points with — K = 0, i.e. 
satisfy the strong inequality 

(2.1) H'^-K>0 
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and denote by H' the invariant curvature 



H' = VH'^ - K. 

Under the above condition the theory of time-hke surfaces can be developed in a way 
similar to the theory of surfaces in Euclidean space or space-like surfaces in Minkowski 
space. 

Time-like surfaces satisfying the condition (2.1) can be locally parameterized by principal 
parameters. Further we assume that the parametric net is principal, i.e. 

F{u, v) = M{u, v) = 0, (m, v) G V. 

Then the principal curvatures z/i,z/2 and the principal geodesic curvatures (geodesic cur- 
vatures of the principal lines) 71,72 are given by 



E„ 



and ui, U2 satisfy the Rodrigues' formulas: 

We consider the tangential frame field {X, Y} determined by 



X :-- 



Y :-- 



and suppose that the moving frame field XYl is positive oriented. 
The following Frenet type formulas for the frame field XYl are valid 



(2.3) 



7i F - 1^1 /, 



11 X, 



VyX 



The Codazzi equations have the form 



-X(z/2) 



-72 X +1/2 /, 

-V2Y. 



1^1 - 1^2 vGiui - z/2) t^i - 1^2 \J-E (z/i - Z/2) 

and the Gauss equation can be written as follows: 



^(72) + Y[-ir) + -il - -fl = -z/iz/2 = -K, 



or 

(2.5) 



(72)n ^2 



-^1^2 



-K. 



A time-like surface M. : z = z{u,v), {u,v) G V parameterized by principal parameters is 
said to be strongly regular if (cf [5l [6l [7]) 

(z/i(m, v) - V2{u, v))'-fi{u, w)72(u, v) ^ 0, (m, v) G v. 

The Codazzi equations (2.4) imply that 

7l72 7^ {vi)v{v2)u ^ 0. 

Because of (2.4) the formulas 



(2.6) 



[l^2)u 



> 0, 



72(1/1 - Z/2) 

are valid on strongly regular time-like surfaces. 



G 



7i(i/i - 1/2) 



> 
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Taking into account (2.6) for strongly regular time-like surfaces formulas (2.3) become 



(2.7) 



72(i/i - 1^2) 72(i^l - J^2) 72(i^l - J^2) 72(i^l " ^^2) 

^ _ 72 (^^l)^ ^ _ 72 (t^l).; ^ ^2 {J^l)v , , _ T^2 {t^i)v 

7i(i/i - U2) 7i(i/i - U2) 7i(z/i - U2) 7i(i/i - U2) 



Finding the compatibility conditions for the systen (2.7), we reformulate the fundamental 
Bonnet theorem for strongly regular time-like surfaces in terms of the invariants of the 
surface. 

Theorem 2.1. Given four functions uilujv), i'2{u,v), ■ji{u,v), ■j2{u,v) defined in a neigh- 
borhood V of {uo,vo) and satisfying the conditions 

1) (z/i - U2) 7l {Ul)v < 0, (z/i - U2) 72 {l^2)u < 0, 

2.1) fln^^) ^i^, fln^^^^"^ - (^^^^ 



7i y „ 1^1-1^2 V 72 / „ 1^1-1^2' 

0^ ^1 - ^^2 / (7f) a , (7?) A .2 2n 

Let ZoXqYqIq be an initial positive oriented orthonormal frame. 

Then there exists a unique strongly regular time-like surface M. : z = z{u,v), {u,v) e 
Vq {{uo,vo) &T>o gV) with prescribed invariants ui, 1^2, 71, 72 such that 

z{uo,Vo) = Zo, X{uo,Vo) = Xq, Y{uo,Vo) = Yo, l{uo,Vo) = Iq. 

Formulas (2.3) imply explicit expressions for the curvature and the torsion of any principal 
line on the time-like surface A4. 

Let ci : z — z{s), At e J be a line from the family J^i {v — const) parameterized by a 

natural parameter and Ki, Ti be its curvature and torsion, respectively. 
Since Ci is an integral line of the unit time-like vector field X, then 

/ = X, z" = VxX = 71 r - z/i /, 
z'" = VxVxX = -X{u^) I + X(7i) Y + {yl + 7^) X, 

= ^1 + 7?- 



We use the formula 

T = 

Since v\^^\>^ along ci, we find 



z z z 



^"2 



_ i/iX(7i) - 7iX(i/i) _y\ ^ (l\ 

T\ — — A I — 

Denoting sin^i = ^ and cos^i = — , we obtain 

Tl=X(^l). 

For the lines C2 of the family T2 we obtain in a similar way the corresponding formulas 

Z' =Y, z" = VYY=--f2X + U2l, 

z'" = VyVyY = Y{u2) I - r (72) X + (72 - z/2) Y, 

2 112 I 2 2\ -112 

^2 = £2 -2 = £2 [^2 ~ 72)) ^2 = Sign 2; , 
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and in the case z""^ ^ 



72 Y{V2) - 5^(72) ^2 ^ (l2 

T2 = £2 2 = ^ ^ — 

«2 «2 \'^2 



3. Natural principal parameters on time-like Weingarten surfaces 

In this section we consider diagonahzable time-hke Weingarten surfaces. For the sake of 
symmetry with respect to the principal curvatures vi and 1/2 we use the following character- 
ization of time-like Weingarten surfaces: 

A diagonalizable time-like surface M. : z = z{u,v), {u,v) eV is Weingarten if there exist 
two real differentiable functions f{i'), g{t^), f{^)—g{^) 7^ 0, f'{i^)g'{i^) 7^ 0, v CM. such 
that the principal curvatures of M. at every point are given by ui — fliy), 1^2 — 5'(^)) ^ — 
^{u, v), {u, v) e V. 

The next statement gives a property of time-like Weingarten surfaces, which allows us to 
introduce special principal parameters on such surfaces. 

Lemma 3.1. Let M. : z — z{u,v), {u,v) & V be a diagonalizable time-like Weingarten 
surface parameterized with principal parameters. Then the function 



A = y/—E exp 
does not depend on v, while the function 

11 = VG exp 



f-9 

g'dv 

does not depend on u. 

Proof : Taking into account (2.4) and (2.2), we find 

which imply that 

The last equahties mean that A^, = and = 0. □ 
We define special principal parameters on a time-like Weingarten surface as follows: 

Definition 3.2. Let M. : z — z{u,v), {u,v) e I> be a diagonalizable time-hke Weingarten 
surface parameterized with principal parameters. The parameters {u. v) are said to be natural 
principal, if the functions \{u) and ^{y) from Lemma 3.1 are constants. 

Proposition 3.3. Any diagonalizable time-like Weingarten surface admits locally natural 
principal parameters. 

Proof: Let M. : z — z{u,v), {u,v) e P be a time-like Weingarten surface in the 
Minkowski space M"^, parameterized with principal parameters. Then Vi = fiiy), 1^2 = 
(yf(z/), u = v{u,v) for some differentiable functions /, g and v satisfying the conditions 

{f{y)-g{y))f'{y)g'{y)^^. {u,v)eV. 
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Let a = const 7^ 0, b = const 7^ 0, (mq, fo) G V and z/q = i/(uo,fo)- We change the 
parameters (m, v) eT) with (m, i)) G by the formulas 



u = a \/ —E exp I / | du + mq, = const, 

J UQ \J UO J 9/ 

V = b VG exp I / I dv + Uq, Vq = const. 

J VO \J vo 9 / / 



'VO \-^1^0 

According to Lemma 3.1 it follows that {u,v) are again principal parameters and 

Then for the functions from Lemma 3.1 we find 

\{u) = \a\-\ ^{v) = \b\-\ 

Furthermore E{uq,vq) = —I, (5(^0, fo) = 1- □ 

We assume now that the considered time-like Weingarten surface M. : z = z{u, v), {u, v) G 
"D is parameterized with natural principal parameters {u,v). It follows from the above 
proposition that the coefficients E and G (consequently L and N) are expressed by the 
invariants of the surface. 

As an immediate consequence from Proposition 13.31 we get 

Corollary 3.4. Let M. he a time-like Weingarten surface parameterized by natural principal 
parameters {u,v). Then any natural principal parameters {u,v) on Ai are determined by 
[u, v) up to an ajfine transformation of the type 

u = aiiu + bi, v = a22V + b2, 011022 7^ 0, 

or of the type 

u = ai2V + ci, v = a2iu + C2, 0120217^0, 
where aij, bi, Ci] i,j = 1,2 are constants. 

Next we give a simple criterion principal parameters to be natural. 

Proposition 3.5. Let a time-like Weingarten surface M. : z = z{u,v), {u,v) E V be 
parameterized with principal parameters. Then {u, v) are natural principal if and only if 



(3.2) V-EG{iyi - V2) = const ^ 0. 

Proof: The equality ^ —EG {y\ — ^2) = c \ jj, c = const 7^ 0, and Lemma 3.1 imply the 
assertion. □ 

3.1. Strongly regular time-like W-surfaces. We consider strongly regular time-like W- 
surfaces, i.e. time-like W-surfaces, satisfying the condition 

Uu{u,v)uy{u,v) ^ 0, {u,v)eV. 

Our main theorem for such surfaces is 

Theorem 3.6. Given two differentiable functions /(z^), gi^)', z^ G X, f{v) — g{u) ^ 0, 
f'{i^)g'{i^) 7^ and a differentiable function z/(M,t>), {u,v) G V satisfying the conditions 

Vu I'v 7^ 0, i>{u, v) G X. 
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Let {uq, Vq) eV, vq = i^{uo, vq) and a ^ 0, b be two constants. If 



(3.3) 



exp 



Wexp ( 2 



1^0 



f'du 

f-9 
g'du 



gvuu+\g - j—^ ] 



9-f 



2/ 



/2 



f-9 



f9if -9), 



then there exists a unique (up to a motion) strongly regular time-like Weingarten surface 
M. : z = z{u,v), {u,v) eVq <ZV with invariants 

= f{^)^ ^2 = 9{^), 

(3.4) / r g'du \ -bf ( r f'du \ ~ag' 

71 = exp / u^, 72 = exp / z/„. 

\Juo 9-f J f-9 \Juo J -9/ f-9 

Furthermore, {u, v) are natural principal parameters for M.. 

Proof: Taking into account Proposition 13.31 we obtain that the integrabihty conditions 
2.1) and 2.2) in Theorem 2.2 reduce to (3.3), which proves the assertion. □ 

Introducing the functions 

(3.5) r:=rjP^. J:, f ^'C)^" 



we can write the PDE (3.3) in the form 

(3.6) e"' [J^u + IuJu- Jl) - b^ e^' {h. + h Jv - /') = -/ 9, 
and the principal geodetic curvatures (3.4) in the form 

(3.7) 7i = -be'^J„, 72 = ae^J„. 

Hence, with respect to natural principal parameters each strongly regular time-like Wein- 
garten surface possesses a natural PDE (3.3) (or equivalently (3.6)). 

3.2. Time-like W-surfaces with 71 = 0. In this subsection we consider time-like W- 
surfaces in Minkowski space with 71 = and prove the fundamental theorem of Bonnet type 
for this class. 

Let Ai : z = z{u,v), {u,v) G P be a time-like W-surface, parameterized by natural 
principal parameters. Then we can assume 

a^/E = e^, bVG = e\ 

where I and J are the functions (3.5) and a, b are some positive constants. We note that 
under the condition 71 = it follows that the function z/ = //(-u) does not depend on v. 

Considering the system (2.3), we obtain that the compatibility conditions for this system 
reduce to only one - the Gauss equation, which has the form: 

X{^,)-^l = -f{u)g{u). 

Thus we obtain the following Bonnet type theorem for time-like W-surfaces satisfying the 
condition 71 = 0: 

Theorem 3.7. Given two differentiahle functions fiy), g{i^)', u E X, f{u) — g{u) 7^ 0, 
f'{i')g'{u) 7^ and a differentiahle function z/(M,f) = z/(m), {u,v) G V satisfying the condi- 
tions 

fu 7^ 0, v{u, v) G X. 
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Let {uq, Vq) e 1^0 — J^{uo, Vq) and a> be a constant. If 
(3.8) e^' ( J„„ + /„ J„ - J^) = -/(z/) giu), 

then there exists a unique (up to a motion) time-like W-surface M. : z = z{u,v), {u,v) e 
gV with invariants 

7i = 0, 72 = oe'^(J)„. 

Furthermore, {u,v) are natural principal parameters on M.. 

Hence, with respect to natural principal parameters each time-like Weingarten surface 
with 7i = possesses a natural ODE (3.8). 

4. Parallel time-like surfaces in Minkowski space and their natural PDE's 

Let M. : z = z{u,v), (u.v) G P be a time-like surface, parameterized by principal 
parameters and l{u,v), l"^ — 1 be the unit normal vector field of M.. The parallel surfaces 
of are given by 

(4.1) M.{a) : z{u,v) — z{u,v) -\- al{u,v), a = const 7^ 0, (u, i')eX'. 

We call the family {M{a), a — const ^ 0} the parallel family of M. 
Taking into account (4.1), we find 

(4.2) Zu^{l-a vi) Zu, Zv^{l- a V2) 

Excluding the points, where (1 — avi){l — ai'2) = 0, we obtain that the corresponding 
unit normal vector fields / to M.{a) and I to A4 satisfy the equality I — el, where e :— 
sign (1 — a z^i)(l — ai/2). In view of (4.2) it follows that E < and G > 0. Hence, the parallel 
surfaces Ai{a) of a time-like surface Ai are also time-like surfaces. 

The relations between the principal curvatures i'i{u, v), i'2{u, v) of and i^i{u, v), i^2{u, v) 
of its parallel time-like surface Ai{a) are 

(4.3) v\^e- , V2^e- ; — — , ^-2 = 



\ — av\ \ — av2 I + aeui I + a £1/2 

1 1 

Let K = ^1^2, H = 2^^'^ ^^2), H' = —{1^2 ~ ^2) be the three invariants of the time-like 
surface M.. The equalities (4.3) imply the relations between the invariants K, H and H' of 
M.[a) and the corresponding invariants of M.: 

(4.4) K^ ,,^ ff.^4i±^, H'^ 



l + 2aeH + a'^K' l + 2aeH + a'^K' l + 2aeH + a^K ' 

Now let Al : z — z{u,v), {u,v) e "D be a time-hke Weingarten surface with Weingarten 
functions /(z/) and g(i'). We suppose that (u,v) are natural principal parameters for Ai. 
Wc show that {u, v) are also natural principal parameters for any parallel time-like surface 
Mia). 

Proposition 4.1. The natural principal parameters {u,v) of a given time-like W-surface Ai 
are natural principal parameters for all parallel time-like surfaces M.{a), a = const ^ of 
M. 
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Proof: Let {u,v) & V he natural principal parameters for Ai, {uo,Vo) be a fixed point 
in T) and uq = z/(Mo,i'o)- The coefficients E and G of the first fundamental form of A4 are 
given by (3.1). The corresponding coefficients E and G of Ai{a) in view of (4.2) are 

(4.5) E ^ {1-auif E, G^{l-av2fG. 

Equalities (4.3) imply that M.{a) is again a Weingarten surface with Weingarten functions 



(4.6) 



1 - af{u) 



Using (4.6), we compute 



, V2{u,v) = g{v) 



e{f-9) 



1 - ag{u)' 



'l-a/)(l-a^) 
which shows that sign {f — g) = sign (/ — g). 

Further, we denote by /o := fij^o), go '■— g{j^o) and taking into account (3.2) and (4.5), 
we compute 

V-EG{f-g) ^V^EGif -g)^ const ^ 0, 
which proves the assertion. □ 

Using the above statement, we prove the following theorem. 

Theorem 4.2. The natural PDE of a given time-like W-surface Ai is the natural PDE of 

any parallel time-like surface A^(a), a = const 7^ 0, of M.. 

Proof : We have to express the equation (3.3) in terms of the Weingarten functions of the 
parallel time- like surface M.{a). 
Putting 



Eo^{l-a ui{uo, vo)f Eo^-a ^ (1 - a fof 
Go = (1 - au2iuo,vo))^Go = (1 - ago)^ 



a 

-2 



we obtain 



exp ( 2 
+ Pexp ( 2 



1^0 



a exp 2 



+ exp 2 



f'du 

f~9 
g'dv 

f f'du 

uo f-9 
" g'du 



9^uu + {9 - - 



9-f 



VQ 



ci2 



2g'^ 



-fgif-g) 



9-f 



9J^uu + \ 9 



f'l^vv +{f"- 



9-f 
2f" 
f-9 



-f9if-9)- 



Hence, the natural PDE of A^(a) in terms of the Weingarten functions /(z^), gii') coinsides 
with the natural PDE of M. in terms of the Weingarten functions /(i/) and g'(i^). □ 

5. TiME-LIKE SURFACES WHOSE CURVATURES SATISFY A LINEAR RELATION 

We now consider time-like W-surfaces, whose three invariants K, H and H' satisfy a linear 
relation: 

(5.1) 6K = aH + (3 H' + -f, a, /3, 7, 5 - constants, a"^ - (3^ + A'yS ^ 0. 



(5.2) 



A time- like W-surface with principal curvatures ui and 1/2 is said to be linear fractional if 

Au2 + B 



1^1 



Giy2 + D 



BC -AD^ 0. 
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We exclude the case A — D, B — C — 0, which characterizes the points with H'^ — 
K — and show that the classes of surfaces with characterizing conditions (5.1) and (5.2), 
respectively, coincide. 

Lemma 5.1. Any surface whose invariants K — viV2-i H — -{vi + 1^2), H' — -{vi — 1^2) 

satisfy a linear relation (5.1) is a linear fractional time-like Weingarten surface determined 
by (5.2), and vice versa. 

The relations between the constants a, /3, 7, S in (5.1) and A, B, C, D in (5.2) are given by 
the equalities: 

(5.3) a^A-D, ^ = -(A + D), 7 = S, 5^C. 

We denote by ^ the class of all time-like surfaces with if^ — X > 0, whose curvatures 
satisfy (5.1) or equivalently (5.2). 

The aim of our study is to classify all natural PDE's of the surfaces from the class ^. 

The parallelism between two surfaces given by (4.1) is an equivalence relation. On the 
other hand. Theorem 4.2 shows that the surfaces from an equivalence class have one and 
the same natural PDE. Hence, it is sufficient to find the natural PDE's of the equivalence 
classes. For any equivalence class, we use a special representative, which we call a basic 
class. Thus the classification of the natural PDE's of the surfaces in the class R reduces to 
the natural PDE's of the basic classes. 

In view of Theorem 4.2, we prove the following classification theorem. 

Theorem 5.2. Up to similarity, the time-like surfaces in Minkowski space, whose curvatures 
K, H and H' satisfy the linear relation 

5K ^aH + pH' + 7, a, l3,-f,5- constants; - + 47^ 7^ 0, 

are described by the natural PDE's of the following basic surfaces: 

(1) H^O: 1/ = e^, AA = e^; 

(2) i/=^: i.= l(l-e^), AA = sinhA; 
{3)H' = 1: A*(e'^) = 2i/(i/ + 2); 

{4)H^P H' (/32 > 1) : A* {vP) = 2 ^^^^ v- 

(5) H ^ pH' {p^ <1): A*{iy^)^2 ^,[^^}} 



(/3-1) 



2 



(6) 
(7) 



H = PH' + 1 (/3-l)A + 2 /3((/3-l)A + 2)((/3 + l)A + 2) 

(5^>l '■ 2 ' 2(/3-l)A ^ 

H^^H'-rl . (^-l)A + 2 ,..,,._ ^((^-l)A + 2)((^ + l)A + 2) 

^2<i ■ 2 ' ^ ^ 2(^-l)A 



{S)K=-l: i/ = tanA, 



AA = — sin A; 
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{9)K = 2H': ^=^, A*(e^) = 2; 



(10) K = PH' + ^{Pj^Q,^<Q): 



^ /5 ^ 1 A 

ly — A + —, X — arctan 



2 A2-7 



Proof : According to the constant C in (5.2), the hnear fractional time-hke W-surfaces are 
divided into two classes: linear fractional time-like W-surfaces, determined by the condition 
C = and hnear fractional time-like W-surfaces, determined by the condition C 7^ 0. 

I. Linear fractional time-like Weingeirten surfaces with C = 0. 

This class is determined by the equality 

(5.4) aH + pH' + ^^O, (a, 7) (0, 0), a' - /3 V 0. 

For the invariants of the time-hke parallel surface M.{a) of At, because of (4.4), we get 
the relation 

(5.5) e{a + 2a-f)H + e/3H' + -f^-a{a + a-f)K. 

Let rj := sign (a^ — /9^). Each time choosing appropriate values for the constants 0, b and 
in (3.3), we consider the following subclasses and their natural PDE's: 

1) a — 0, /3 7^ 0, 7 7^ 0. Assuming that 7 = 1, the relation (5.4) becomes 

The natural PDE for these W-surfaces is 

(5.6) (e~^'^U-^e^'^)^,^yiPu-2). 

Up to similarities these time-like W-surfaces are generated by the basic class H' = 1 
with the natural PDE 



(5.6*) (e^)„„-(e-'^),, = 2z/(z/ + 2), 

which is the case (3) in the statement of the theorem. 
2) a ^ 0, 7 = 0. Assuming that a = 1, the relation (5.4) becomes 

H + /3H' = 0. 

2.1) ^ ^ 0, T] ^ -1 - 1 > 0). Choosing 1^ z/o"^^^'^ = 1, ^o~' = 1> the 
natural PDE becomes 

(5.7) (u-f') -(p^) =2 ^}f~lK , 
which is the case (4) in the statement of the theorem. 

2.2) 13^0, 7/ = 1 (/32 - 1 < 0). Choosing j^i'o^'^^^^ = -1> ''t^ = 1> the 
natural PDE becomes 

(5.8) (u-^) ^2 ^}f~l} u, 
which is the case (5) in the statement of the theorem. 
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2.3) /3 — 0. Putting u — e^, we get the natural PDE for time-like surfaces with 

^5.9) ^uu ^vv — ^ 1 

which is the case (1) in the statement of the theorem. 

3) a 7^ 0, /5 = 0, 7 7^ 0. Assuming that a — 1, the relation (5.4) becomes 

// + 7 = 0. 

Putting \H\e^ :— H — V — H' > 0, we get the one-parameter system of natural 
PDE's for CMC time-like surfaces with H — —7: 

(5.10) A„u — A^^ = 2 sinh A. 

Up to similarities these time-like W-surfaces are generated by the basic class \H\ — 
I with the natural PDE 

(5.10*) Xuu - Kv = sinh A, 

which is the case (2) in the statement of the theorem. 

4) a ^ 0, ^ ^ 0, 7 7^ 0. 

Assuming that a = 1 we have 

Let X:=2H'^ (i^ + l) > 0. 

/3 + 1 

4.1) If ?7 = — 1 (/9^ — 1 > 0) and choosing 



the natural PDE becomes 
(.-^^ P ((/3 + i)A + 2 7)((/3 - 1)A + 27) 

l^-L^J )uu-\^ )vv- 2{f3+l) A ■ 

Up to similarities these time-like W-surfaces are generated by the basic class 
H ^ pH' + 1, > 1 with the natural PDE 

(5.n, - ^ ^ ((,+ l)A + 2)((,-l)A.2) 

which is the case (6) in the statement of the theorem. 
4.2) If 77 = 1 (^2 _ 1 0) and choosing 

.2 /3+1 / -2 , y^' , f -2 ^ 

b^--^(^(-o + 7)j ^^^ = (^(-0 + 7)) , 

the natural PDE becomes 
f.,^. _^(.^^ /3 ((/3 + i)A + 27)((/3-l)A + 27) 

Up to similarities these time-like W-surfaces are generated by the basic class 
/3H' + 1, < 1 with the natural PDE 

(5.I2-) (A^. . (A-)„ . ^ ((^.l)A.2)((,-l)A + 2) 

which is the case (7) in the statement of the theorem. 
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II. Lineeir fractional time-like Weingarten surfaces with C 7^ 0. 

Let C — 1. The equahty (5.1) gets the form 

(5.13) K ^aH + pH' + -f. 
The corresponding relation for the parallel surface M.{a) is 

(5.14) e{a + 2a-f) H + e p H' + ^ {1 - aa - -f) K. 

Each time choosing appropriate values for the constants a, b and i/q in (3.3), we consider 
the following subclasses and their natural PDE's: 

5) a = 7 = 0, /5 7^ 0. The relation (5.13) becomes 

where pi = — , P2 = — are the principal radii of curvature of A4. 

u 3 

Putting A := 4 -, the natural PDE of these time-like surfaces gets the form 

2i/ — p 

(5.15) (e^) -(e-^) - ^ = 0. 

Up to similarities these time-like W-surfaces are generated by the basic class K — 
2 H' with the natural PDE 

(5.15*) (e^) - (e.-^) -2 = 0, 

which is the case (9) in the statement of the theorem. 

6) (a, 7) 7^ (0,0), «^ + 47 > 0. The relation (5.14) implies that there exists a time-like 
surface A^(a), parallel to A^, which satisfies the relation (5.4). Hence the natural 
PDE of M is one of the PDE's (5.6) - (5.12). 

7) -|- 47 < 0. It follows that 7 < 0. The relation (5.14) implies that there exists a 
time- like surface M.{a) parallel to M.^ which satisfies the relation 

(5.16) K^pH' + -f. 

7.1) /3 — 0. The relation (5.16) becomes X = 7 < 0, i.e. M is of constant negative 

V 

sectional curvature 7. Putting A := 2 arctan ^ , we get the natural PDE of 
this surface 

(5.17) \uu + A^,^, = -K'^ sin A. 

Up to similarities these time-like W-surfaces are generated by the basic class 
K^-\ with the natural PDE 

(5.17*) A„„ + A„„ = - sin A, 

which is the case (8) in the statement of the theorem. 

7.2) ^ 7^ 0, 7 < 0. Choosing i/q = ^, the natural PDE of M. becomes 

(5.18) (exp {PX)U - (exp (-/3X)),, = ^ ^p^^^^^^ . 
where 

_ 1 \ . Q 
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which is the case (10) in the statement of the theorem. 

6. Summary 



□ 



Summarizing the results in P, W\ and in the present paper, we obtain the following parallel 
between the natural PDE's describing linear fractional W-surfaces in M^, linear fractional 
space-like and time-like W-surfaces in M^, respectively. 

(i) The natural PDE for a Weingarten surface in Euclidean space is of the type: 



a exp 2 



- exp ( 2 
or equivalently 



f'du 

uo f - 9 

g'dv 



9Vuu + \g 



2^ 



12 



9-f 



9'f 



2/ 



12 



f-9 



-f9{f -9), 



a' e'' {Juu + In Ju - J't) + e^\h, + I,J,- I't) = f{v) g{v). 



(ii) The natural PDE for a space-like Weingarten surface in Minkowski space is of the 
type: 



a exp 2 



-¥ exp 2 



f'dv 

f-9 
g'dv 



9'vuu + 9" 



29 



12 



9-f 



2f" 



f-9 



f9if -9), 



or equivalently 

a' e^' {Juu + IuJu- Jl) + b^ ^\luu + hJv- II) = -f{^) 9{'^)- 



(iii) The natural PDE for a time-like Weingarten surface with real principal curvatures 
in Minkowski space is of the type: 



a exp I 2 
+b2exp ( 2 



f'du 

uo f-9 
^ g'dv 



9 



9 



9-f 



1^0 



9-f 



2/ 



12 



f-9 



f9if -9), 



or equivalently 

a" e^' {Juu + IuJu- Jl) - b' e^' + /. J. - I^) = -f{u) g{u). 

Therefore for the corresponding basic linear fractional surfaces in M? and M"^ obtain 
the correspondence between their natural PDE's. 
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